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% 4 & Example of groups

4.1 Permutatations

Let X be a set. A permutation of X is a bijection from X to itself. (in other words, a ‘rearrangement’

of the elements of X) &
@ The fact that the function 7 is a bijection means that in this two-row notation no integer occurs more than
once in the second row (since 7 is injective) and each integer in the set {1,2,...,n} occurs at least once in the

second row (since 7 is surjective). Thus the second row is indeed a rearrangement, or permutation, of the first

Trow.

Let n be a positive integer. Denote by S(n) the set of all permutations of the set {1, 2, ..., n}, equipped
with the operation of composition (of functions). S(n) is called the symmetric group on n symbols(or

elements). &

Let n be a positive integer. Then S(n) satisfies the following conditions:
(Closure) if 7, 0 “are members of S(n), then so is the composition wo. Then is the composition of any
two bijections is a bijection. (Identity) the identity function id = id; _, is in S(n). (Inverse) if 7 is in
S(n) then the inverse function 7! is also in S(n). Also S(n) has n! elements (Hint: permutations and

combinations).

‘7, o are permutations

@ In the two-row notation, the first function, o , takes 1 to k (since 'k’ occurs below ‘1’ in the notation for o
), and then the second function, 7 , takes k to m - therefore the composition takes 1 to m, and so 'm/’ is placed
below 1’ in the notation for wo. Hence the operation of composition is non-commutative in the sense that
7o need not equal o. Therefore, it is important to remember that we are using the convention that 7o is the

function obtained by applying ¢ and then applying 7.

Calculate the inverse of a permutation

The inverse is calculated by exchanging the upper and lower rows, and then reordering the columns so that

the entries on the upper row occur in the natural order.
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4.1 Permutatations

A permutation 7 € S(n) is cyclic or a cycle if the elements 1,...,n may be rearranged, as say
ki,...,kr,kry1,..., ky, (we allow the possibilities that 7 + 1 = 1 or » = n), in such a way that 7
fixes each of k,1,...,k, and ‘cycles’ the remainder, sending k; to k2 sending ks to ks, ..., sending

ky_1 to k, and finally sending k, back to k;. The integer r (that is, the number of elements in, or the
length of, the cycling part) is called the length of 7. (The algebraic significance of this integer will be
explained later.) We say that the length of the identity permutation is 1. A cycle of length 2 is called a

transposition. A cycle of length r is termed an r-cycle. &

The point of the cycle at which to start mat be chosen arbitrarily. Note that in the definition of cyclic
permutation the case r + 1 = 1 corresponds to the permutation which does not move anything - in other words

to the identity permutation id (which is therefore a cycle: its cycle notation would be empty, so we continue to

write it as id).

Let 7 and o be elements of S(n). Then 7 and o are disjoint if every integer in {1,...,n} which is
moved by 7 is fixed by o and every integer moved by o is fixed by 7 (we say that 7 moves k € {1,...,n}

if (k) # k, otherwise 7 fixes k). &

If 7 and o are disjoint permutations in S(n), then 7 and ¢ commute, that is, 7o = o7.

For any permutation p in S(n), let Mov(p) be the set of integers in {1, 2, ..., n} which are moved by
p. More formally

Mov(p) ={m:1<m <n and p(m)#m}.

To say that 7 and o are disjoint is just to say that the intersection of Mov(7) with Mov(c) is empty. We have
the following possibilities for m € {1,...,n}:

o m € Mov(7);

o m € Mov(o);

o m is in neither Mov(7) nor Mov(o).

In the first case m is sent to 7(m) by both o and on. For we have mo(m) = m(o(m)) = m(m) (since

m is moved by 7 it is fixed by o): on the other hand we have o (m) = o(w(m)) = w(m). The last equality
follows since 7(m) is moved by 7 (so is fixed by ¢): for otherwise we would have 7(7(m)) = 7(m) and so,
since 7 is 1-1, 7(m) = m, a contradiction. The other two cases are dealt with by similar arguments . Thus
mo = o, since they have the same effect on the elements of {1,...,n}.

Any permutation may be written as a product of disjoint cycles.
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Let 7 be an element of S(n). Then 7 can be expressed as a product of disjoint cycles. This cycle

decomposition of 7 is unique up to rearrangement of the cycles involved.

Multiply together two permutations

In order to multiply together two permutations which are written using cycle notation, one can write down
their two-row notations, multiply, and then write down the cycle notation for the result. But this is a cuambersome
process, and the multiplication is best done directly. The basic manipulation involved is what we will call a
switch. Suppose we are given a product, 7, of cycles and we want to compute its cycle decomposition. We
visualise the effect of 7 on an integer ¢+ moving from right to left, encountering the various cycles, possibly
being switched to a new value at each encounter. To switch ¢, seek the first occurrence of ¢ to the left of its
present position. This lies in a cycle of 7, and ¢ is now switched to the number, & say, to which this cycle takes
7. Now think of k£ continuing to move to the left, and repeat this switching process until the left-hand end is

reached. The number, m say, which finally emerges at the left-hand end is 7 (i).

Multiplication table for S(3)

id (123) (132) (12) (13) (23)
id | id  (123) (132) (12) (13) (23)
(123) | (123) (132) id  (13) (23) (12)
(132) | (132) id  (123) (23) (12) (13)

(12) | (12) (23) (13) id  (132) (123)
(13) | (13) (12) (23) (123) id  (132)
(23) | (23) (13) (12) (132) (123) id

The entry at the intersection of the row labelled o and the column labelled 7 is 77

Write an inverse of a cycle

One sumple reverses the order of the terms which appear (and then, if one wishes to, rewrites the resulting
cycle with the smallest integer first). For example, (1234)~! = (4321) = (143 2). If a permutation is written
as a product of disjoint (hence commuting) cycles then the inverse is found by applying this process to each of
its component cycles. If a permutation is written as a product of not necessarily disjoint cycles then the order

of the components must also be reversed, because (7o) ™! = ¢~ 171

B MR 7 =[]t ORFER).
Fo R 7 =]t (HRRF).




4.2 The order and sign of a permutation

4.2 The order and sign of a permutation

Let 7 be a permutation. The positive powers, 7", of 7 are defined inductively by setting 7! = 7 and
7F*+t = 7. 7% (k a positive integer). We also define the negative powers: 7% = (77 1)* where k is a
positive integer, and finally set 7° = id. &

EIHE 44
Let 7 be a permutation and let r, s be positive integers. Then
ﬂ_rﬂ_s — ﬂ_rJrs
(7_‘_7")8 — 7TT’S
"= (71_7")—1
if 7, o are permutations such that 7o = o then (70)" = "o o
k pu—

IERA The fourth part also is proved by induction. We actually need a slightly stronger statement: that (7o)

7*o* and o = 7¥o (we use the second equation within the proof). By assumption the result is true for & = 1.
So suppose inductively that (7o)* = 7¥0* and on* = 7*o. Then
(mo)** = 7o (mo)*  (by definition)
= norto” (by induction)
= nrfoo®  (also by induction)
= ghtlgh+l (by definition)
Also
orn*tt = onrk = non® (by assumption)

= o (by induction)

= rFtls (by definition).
So we have proved both parts of the induction hypothesis for k£ + 1 and the result therefore follows by induction.

T 4.5

Let 7 be an element of S(n). Then there is an integer m, greater than or equal to 1, such that 7 = id.

Q©

UEEA Consider the successive powers of 7: 7; 72; 73; . . . Each of these powers is a bijection from {1,...,n}

to itself. Since there are only finitely many such functions there must be repetitions within the list: say 7" = 7°

1

with r < s. Since 7~ exists, we may multiply each side by 7" to obtain id = 7°~". So m may be taken to be

S—r.
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The order of a permutation 7, o(w), is the least positive integer n such that 7" = id. Note that the

order of id is 1 and id is the only permutation of order 1.

)
{5l &1 4.1 The order of any transposition is 2
EHE 4.6
Let 7 be a permutation of order n. Then 7" = #® if and only if r = s mod n.
@

IEER From the proof of 4.2.2 it follows that if 7" = 7% then 75" = id. If, conversely, 757" = id then,
multiplying each side by 7" and using 4.2.1, we obtain 7° = 7". We will therefore have proved the result if we
show that 7% = id = (7°) precisely if k is congruent to Omodulon, that is, precisely if k is divisible by n. To
see this, observe first that if k£ is a multiple of n, say £ = nt, then, using 4.2.1(ii),
= 7" = (7" = (id)" = id.
Suppose conversely that 7% = id. Apply the division algorithm (1.1.1) to write k in the form ng + r with
0 < r < n. Then, again using 4.2.1, we have
id = 7% = 7" = 7T = (7) 7" = (id)97" =id - 7" = 7.

The definition of n (as giving the least positive power of 7 equal to id) now forces r to be zero: that is, n divides
k.

Let 7w be a cycle in S(n). Then o() is equal to the length of the cycle 7.

If 7,0 are disjoint permutations in S(n) then the order of 7o is the least common multiple,

lem(o(m),0(0)), of the orders of 7 and o. ©

{57 4.2 The permutation m = (1 6)(3 74 2) is already expressed as the product of disjoint cycles, one of length
4 and the other of length 2. The order of 7 is therefore the lcm of 4 and 2: o(7) = 4.

Let 7 be an element of S(n), and suppose that 1 = 71 79...7% is a decomposition of 7 as a product of

disjoint cycles. Then the order of 7 is the least common multiple of the lengths of the cycles 71, ..., 7% ©

“21C We say that permutations 7 and o are conjugate if there exists some permutation 7 such that ¢ = 7~ 17 7.

Then it may be shown that two permutations have the same shape if and only if they are conjugate.

Let n > 2 be an integer. Define the polynomial A = A(xy, ..., z,) in the indeterminates z1, ...,z

to be
Az, ... zn) = [[{i —25) 14,5 € {1,...,n},i < j}
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the product of all terms of the form (z; — x;) where ¢ < j. For instance:
A(z1, 2) = (T1 — T2);

A(xl,xg,mg) = (561 - 362)(3?1 - 903)(302 - 963);

A(xy,x9,23,24) = (1 — x2) (21 — 23) (21 — 24) (22 — x3) (T2 — T4) (T3 — T4). Iy

Now let n > 2 and let 7 € S(n). We define a new polynomial, denoted 7A, from A = A(zq,...,x,)
and 7 by the following rule: wherever A has a factor z; — xj, mA has the factor z(;) — 2 (;). It is important to

observe that 7A is as A but with z; replaced throughout by z ;) for each i. More formally, we define mA by

WA(;UI, R xn) = H{(;Uﬂ'(z) - xﬂ'(j)) 11, € {17 s 7n}7i < .7}
{571 4.3 Suppose that n = 3 and that 7 is the transposition (2 3). Then 7A is obtained from A by replacing x2
by x3 and x3 by za:

TA(z1, x9,x3) = (1 — 23) (21 — x2) (23 — X2)

Now we note that this is just —A(x1, 2, x3). To see this, just interchange the first two factors of 7A and alse

write (x3 — x2) as —(x2 — x3)

Let 7 € S(n) and let A(z1,...,x,) be the polynomial as defined above. Then either TA = A or
TA =—A

Consider a single factor 2; —x; of A. Since 7 is a bijection, there are unique values k and /in {1,...,n}
such that w(k) = ¢ and 7 (1) = j; also k # [ since i # j. There are two possibilities:
o If k < [, then the factor x;, — x; occurs in A, and it is transformed in 7A into x; — z;.
o If £ > [, then the factor 2; — x}, occurs in A, and it is transformed in 7A into z; — x; = —(x; — x;).
Thus, for every factor z; — x; of A, either it or its negative occurs as a factor of 7A. Clearly (by the con-
struction of wA), A and 7A have the same number of factors. It follows therefore (on collecting all the minus

signs together) that wA is either A or —A

X E I AE S sgn() BRECKAE SURE TS B

Let 7 € S(n). Define the sign of 7, sgn(r), to be 1 or —1 according as TA = A or —A. Thus
wA = sgn(m) - A. If sgn(rr) is 1 then 7 is said to be an even permutation: if sgn(7) = —1 then 7 is an

odd permutation.

[ )

Let m,0 € S(n). Then sgn(om)= sgn(o) - sgn(r)

We compute, in two slightly different ways, the effect of applying the composite permutation o7 to

A = A(x1,...,%y). First we apply 7 to A, to get mA: the effect is to replace, for each 4, z; by ;) through-
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out. Without rearranging, we immediately apply the permutation o this results in each z,(;) being replaced
throughout by z, (r(;)) = Zonr(s)- The net result is that for each i, x; has been replaced throughout by z,(;). So
the resulting polynomial is, by definition, (o)A and, by definition, (67)A = sgn(o7) - A. Now we also have,
by definition, that A = sgn(7) - A. So, when we apply o to A, we are just applying o to sgn(7) - A (which
is either A or —A). The result of that is therefore equal to sgn(w) - oA, which equals sgn(7) - sgn(o) - A. So
the net result of applying o to A may be expressed in two ways, as sgn(om) - A and as sgn(7)sgn(o) - A.
Equating these expressions, we obtain that the polynomials sgn(o) - A and sgn(7) - sgn(o) - A are identical.
Hence it must be that sgn(om) = sgn() - sgn(o), as required.

et If o € S(n), then (om)p = o(wp) for any polynomial p in n variables.

Let 7w and o be in S(n). Then
. sgn(id) = 1,
. sgn(m) = sgn(7 1),

2
3. sgn(r~lom) = sgn(o),
4

—_

. if 7 is a transposition then sgn(7) = —1.

(i) This is immediate from the definition of sign.
(i1)
sgn(m1)sgn(r) = sgn(r'7) = sgn(id) = 1

So either both 7! and 7 are even or both are odd, as required. (iii)

sgn(mtom) = sgn(r!)sgn(omw) = sgn(n)sgn(o)sgn(7)

= sgn(m)sgn()sgn(o) = sgn(r'7)sgn(o)
= sgn(o)

(iv) The proof proceeds by showing this for increasingly more general transpositions. First notice that the
result is obviously true for 7 = (1 2) since the only factor of A whose sign is changed by interchanging 1 and
2 is x1 — x2. Secondly, note that any transposition involving ‘1’ is a conjugate of (1 2):

(1k)=(2Kk)(12)(2k)=(2k)" 1 2)(2k).
So by (iii) sgn(1 k) = sgn(1 2) = —1. Finally we notice that every transposition is conjugate to one involving
‘1
(mk)=1k)QAm)1Ek) =0k 1m)1E).

So, by another application of (iii), we obtain sgn(m k) = —1, as required.

PEI: sen(12) = —L. (LK) HORH, Haik (1k) = (26)(12)(2k) = (2 k)T (12)(2 k). 15 sgn(L k) =
—1.

XA 1 B ST HA B
51 4.4 For any positive integer n, let A(n) denote the set of all even permutations (permutatations with

sign +1) in S(n). Since (1 2) is odd, multiplying an even permutation by (1 2) gives an odd permutation, and
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multiplying an odd permutation by (1 2) gives an even permutation. The map f from the set of even permutations
to the set of odd permutations defined by f(7) = (1 2)7 is a bijection, so it follows that half the elements of
S(n) are even and the other half are odd. Hence A(n) has %' elements. You can think of the map f more
concretely by imagining the elements of A(n) written out in a row; then, beneath each such element 7, write its
image (1 2)7. It is easy to show that the second row contains no repetitions and contains all odd permutations,

so it is clear that A(n) contains exactly half of the n! elements of S(n).

Every cycle is a product of transpositions. If 7 is a cycle then sgn(r) = (—1)lreth(m)—1

To see that a cycle (z1 x2 ... k) can be written as a product of transpositions, we just check:
(129 ... op) = (w1 21) ... (21 23) (w1 w2).  MEIME R X389 T AR 3B 4n T
2 mepamien
(r1 22 ... Tpy1) = (x1 Tpa1) (w1 22 - .. 2g) = (21 Tp11) (21 2R) - -+ (21 23) (21 X2)
There are k — 1 = length(7) — 1 terms on the right - hand side each with sign —1, by Theorem 4.2.9(iv).
By Theorem 4.2.8 it follows that

sgn(m) = sgn((z1 x1) - - - (z1 23) (21 22)) = (_1)length(7r)71

Suppose n > 2. Every permutation in S(n) is a product of transpositions. Although there are many
ways of writing a given permutation 7 as a product of transpositions, the number of terms occurring will

always be either even or odd according as 7 is even or odd.

It is immediate from Theorems 4.1.3 and 4.2.10 that every permutation may be written as a product of
transpositions. Suppose that we write 7 as a product of transpositions. Then, by the multiplicative property of
sign (Theorem 4.2.8) and Theorem 4.2.9(iv), we have that sgn(m) is —1 raised to the number of terms in the

decomposition. Thus the statement follows.
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4.3 Definition and examples of groups

A group is a set GG, together with an operation*, which satisfies the following properties:
Closure: Vg, h € G, g * h € G. Associativity: Vg, h,k € G then (g« h) xk = g* (hx k).
Identity: There exists an identity element e € G such that Vg € G, e x g = g x e = g. Inverse: Every

element g € G hasaninverse gl € Gst. gx gt =g lxg=e. &

iHiE FHLZ #operation.

4.3.1 Groups of numbers

575 4.5 (Z,+) is an Abelian group: identity element is 0 since
O+g9g=9g+0=g9g,VgecZ
The inverse of g € Z : g+ (—g) = (—g) +¢g = 0. The group is Abelianas g+h = h+g,Vg, h € Z. Similarly,
(Q,+), (R, +) and (C, +) are Abelian groups. Abelian group &t —FREak e, Hos By L s, A
B SRR BERAENE T Ak Abelian group.
The set N = {0,1,2,3,...} together with the operation + is not a group since —1 ¢ N. (So 1 does not
have an inverse in N.)
The set of Z together with the operation X is not a group since 2 does not have an inverse in 2.
571 4.6 The set (Zy, +) is an Abelian group:
[a]n + [b]n = [a + bl € Zy,
(laln + [bln) + [cln = [a + b+ c|n = [an] + ([b]n + [c]n)

the identity element is [0],, since

the inverse of [a},, is [—a],, since

the groups is Abelian because

[aln, + [b]n = [b]n + [aln(= [a + b]n)

However, (Z,,, x) is not a group because [0],, does not have an inverse in Z,,.
If the inverse of [0],, exists, then there exists [z],, € Z, such that [0], * [z],, = [1],. Thatis0-z =1
mod n = 0=1 mod n.
Bl 4.7 (Gp, X) (or (Gy,-))is an Abelian groups: the identity element is [1],,. By definition of G,,, every
element of G, has an inverse, we know |G| = ¢(n). G, [CFEW n FYFRILHEE, o(n) 2 AEL, Fon/h
T n H5 n BT IERE L

' Abelian group P52 HE S REIS T LAt
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4.3 Definition and examples of groups

Both Fermat Theorem & Euler Theorem are special cases of Lagrange Theorem: for any finite group
(G, x) and any g € G, we have gl®l =e. « g ... % g |G| terms.
7 4.8 (Q, %), (R, x), (C, x) are not groups because 0 does not have a multiplicative inverse. However,
(Q\ {0}, x), R\ {0}, x) and (C\ {0}, x) are Abelian groups: The identity element is 1. The inverse of a # 0
is é
57 4.9 We can define a group using a table: let G = {e, a, b, ¢} with operation given by :

e a b ¢

ele a b c
ala e ¢ b

blb ¢ e a

clc b a e
e represents the identity element. The group is Abelian since g * h = h x g, Vg, h € G. One can check that this
is an Abelian group with 4 elements. Also,it is called Klein four-group(va 3 [K VU TCHE).

Closure: ZHZERH N G ¥ T XK.

Associativity: (a-b)-c=c-c=e=a-(b-¢)

Inverse: a-a=e b-b=ec-c=e

Identity: e-a=a-e=a e-b=b-e=be-c=c-e=c

Commutativity: a-b=c=b-a a-c=b=c-ab-c=a=c-b

1 4.10 The set T = {e"" : r € R} under multiplication forms an Abelian group. The identity element is

¢ = 1 and the inverse of " is e~ The group is Abelian since e ¢’ = ¢i("+5) = ¢isei,

4.3.2 Groups of permutations

{5l 7% 4.11 We proved that the set S(n) together with the composition operation is a group. The indentity element

1 Iw = id). It has the associativity

is id. Every permutation 7 € S(n) has an inverse 7! (ie. 77 ! = 7~
property: (mo)t = w(oT),Vm,0,7 € S(n). This groups has n! elements. For n > 3, S(n) is non-Abelian:
(12)(13) £ (13)(12).
7% 4.12 Forn > 2, let A(n) = {m € S(n) : sgn(w) = 1}. This is a group with %' elements.

Closure: Vm, 0 € A(n), we have sgn(mo) = sgn(w)sgn(o) = 1. So wo € A(n).

Associativity: S(n) satisfies this property, and A(n) C S(n). Indentity: id is the identity element of A(n).

Inverse: Y € A(n), we have sgn(r—1) = sgn(n) = 1,so 7! € A(n)

The map (1 2) : S(n) — S(n), 7 — (1 2)7 induces a bijection between A(n) and S(n) \ A(n). That is
[A(n)] = [S(n) \ A(n)]. Hence |A(n)| = }[S(n)| = 2.

pre: we know map (1 2) is a bijection. If 7 € A(n), then 7 is even and (1 2)7 is odd. So (1 2)7w €

S(n)\A(n). If € S(n)\ A(n), then 7 is odd and (1 2)7 is even , because sgn|[(1 2)7] = sgn(12)-sgn(r) =
(=1)-(=1) =1.So (12)m € A(n).



4.3 Definition and examples of groups

4.3.3 Groups of matrices

5@ 4.13 (Mat(n,R),+) is an Abelian group. The identity matrix is the zero matrix. The inverse of A €
Mat(n,R) is —A.
7t 4.14 GL(n,R) := {A € Mat(n,R) : Ais invertible}. The set GL(n,R) under matrix multiplication is

10 --- 0
01 -0

a (non-Abelian) group. The identity elementis | =~ = | The inverse of A € GL(n,R) is the inverse
00 --- 1

matrix A~ L,

IS5 4.15 Let G = {A - (a b

0 c
tiplication, G forms a group. G C GL(2,R). Closure:

a b a b aa’  ab + b
= eqG
0 c 0 ¢ 0 cc
1
b I _ b
a — a ac e G
0 ¢ 0o 1

Suppose (G, *) is a group, and G’ is a subset of G. If gxh € G’ forVg,h € G',and g~ ! € G’ forVg € G,

) ca,b,ceR, a#£0, c# 0}. Together with the operation of matrix mul-

Inverse:

then (G’, ) is a group. the inverse of ¢ is in G’

o

1
a

0
il 4.16 G = { ¢ b) :a,b € R\ {0}}. Gis a group under matrix multiplication.
0
10 a 0
The identity element is . The inverse of € Gis
01 0 b 0
i 4.17 (R™, +) is an Abelian group.

) cq
HW 431

(1): Q under multiplication is not a group because 0 does not have an inverse: 0z = 0 # 1 Vx € Q. 1is

=

the multiplicative identity: 1 = lx =z Vx € Q
(vii): set of integers under substraction. This is not a group since (3 —2) —1=0#2=3—-(2-1)
HW 4.3.2: G is a group. Show that (ab) ™! = b~ta"! Va,b € G.
We have
(b ta ) (ab) =b o ta)b=b"teb=b"lb=¢

So the inverse of (ab) is b~ ta"!.
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4.4 Algebraic structures

4.4 Algebraic structures

Rings: (Z,+,-),(Q,+,-),...2
| =410
A ring is a set R together with two operations +, ¢ is called a ring if it satisfies the following axioms:
1. (R,+) is an Abelian group. |
ox+yeRVr,yeR
(z+y)+z=z+ (y+2)
0x+0=0+z=2x
r+(—x)=(—z)+2=0
o T+ y =y + x < Abelian group i# & &9

2. Vx,y € R, we have x x y € R.

3. Vx,y,z € R, wehave (z xy) x 2 = z * (y * 2). < associativity
4. Vr,y,z € R, (x +y)z = zz + yz. « distributivity

5. Vr,y,z € R, z(y + z) = 2y + xz. <+ distributivity

Nt NiERY Y Abelian Group, % 3fiE A4k semigroup

We say that a ring R is commutative® if z « y = y * x, Va,y € R.

Convention: We usually write xy instead of z * y if the multiplication operation * is clear from the context.
BIzE 418 (Z,+,-), (Q,+,-), (R, +,-), (C, +, -) are commutative rings.

The set 27 is also a commutative ring.
5l &1 4.19 The set Mat(2,R) of 2 x 2 real matrices is a ring under addition of multiplication of matrices.
axioms(1): v/
axioms(2): v’
axioms(3): (AB)C = A(BC) v

a b\ (a V) [ad +b ab +bd o (¢ f
c d) \d d ca' +dd b +dd g h

ad' +bc ab/ +bd"\ (e f\ [(ad +b)e+ (ab +bd)g (aa’+bc)f + (ab +bd')h
ca +dd e +dd ) \g h (ca' +dc)e+ (¢t +dd)g (ca' +dc)f+ (cb +dd)h

Bo- (@ O\ (e f\ [detbg df+bh
d d) \g h de+dg Jf+dh
IR A FRAR R AL B SNBSS HA R Z i E LIS E

CHEIRE L, RIS commutative, FRAGE TR BT A A IR E P B ESR /2 commutative, [Ah
(R, +) /2 Abelian group.

(AB)C = (

~

~




4.4 Algebraic structures

A(BC)— a b a/€+b/g a/f+blh B GG/€+bCI€+ab/f+bd/g aa/f+bc/f—|—ab/h+bd’h
c d C,€+d,g c/f+d/h C(I/€+dC/€+Cb,f+dd/g ca/f+dclf+6b/h+dd,h

= (AB)C = A(BC)
@ Mat(2,R) is NOT commutative. E.q.
0 1 11_127&11 01_13
1 2/\1 2/ \35 1 2/\1 2/ \2 5
More generally, Mat(n,R) is aring for every n > 1. Actually, for any commutative ring R, Mat(n, R) is a ring.

i 4.20 Z is a ring.
IR 4.21 Let Z[v/2] = {a + bV/2: a,b € Z}. Then Z[\/2] is a ring. Z[+/2] is an Abelian group:

o (a+bV2)+ (c+dv2) = (a+c)+ (b+d)V2 € Z[V2].

o (a+bv2)+0=0+ (a+bV2).

o —(a+bV2) = (—a)+ (=b)V2 € Z[V2]

o (a+bv2)+ (c+dV2) = (c+dv2) + (a+ bV2)

o (a+bv2)(c+dv2) = (ac+ 2bd) + (ad + bc)V/2 € Z[\/2).
— 7Z[v/2] is a commutative ring. (Note that Z[v/2] C R satisfies all other axioms.)
Suppose R is a ring. Let S be a subset of R s.t.

o xr+y€ESVz,yeS

o —x €SV eSS
o xy ESVx,y €S

then S is a ring. If R is commutative, then so does S.
Field i3

A commutative ring R is called a field if R contains the unit element 1 such that 1z = 21 = z Vz € R,

and every x € R\ {0} has an inverse v~} € Rs.t. zx~! =271z = 1.
PMEERALTE. 0+ a = a .
@ If R is a field, then R \ {0} is an Abelian group under multiplication.

5l 4.22 Q is a field. So are R, C.
5l #1 4.23 7Z is a commutative ring, but it is NOT a field because 2 doesn’t have a multiplicative inverse (% ¢ 7).

7Z[/2] is not a field since % = @ ¢ 7[V2].



4.4 Algebraic structures

However, Q[v2] = {a +bv2 : a,b € Q} is afield ! (a—l—;\/ﬁ = % € QV2))

Let R be any ring. Then Va € R
z0=0zx =0 V)

UEEH 20+ 0z = 2(0+0) = 20
Adding (—x)0 to both sides, we get
z0=20

14
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4.5 Supplementary to Fields Theory

TINF R, HARBRRGEL, FAREALEA, SEFFEAHALLLF T L
LR W BF P RAFERF
it Leta€R,a#0.Ifab=0—a '(ab) =0— (a ta)b=0—eb=b=0

i FRRP A (3hhoik) HRARH 0
EAGRCY &

LOBF e — R R F 2

Y RFREARFELSREHNT. FFAAEETAmEHNHMEE. & CharF = n, &

n=nng,1<n; <n,i=12%&F FHER a#0,n1a # 0,n2a # 0 But

(n1a)(ng)a = ninga® = (na)a =0
X & o
2. F s oy dE Rt e ik 69 M35 48 1F).
i EABTEHAEET. EFFEATR aAO0WRM A n, WERbETF, b#0
a(nb) = (na)b =0b =0
FlEo neF, 14+---+1
—_——

n/M1

CEICHREINTE T IR AT

SR RGBSR TR, fh . FRCEARA TN, FHEL: Ya £ 0, a € R, EH1E
beR,b#0,s.t. ab=0, NF a N R PERHF

Yo eR, a+---+a=0, Char R = max{ni, -+ ,ng}

niia

15



4.5 Supplementary to Fields Theory

(Vector space)” Let IF be a field. A vector space over F is an Abelian group (V, +) together with scalar

multiplication
FxV-V

(A, v) = v

satisfying the following:

l. (a+B)v=av+Pv Ya,B €eF,Yv eV
a(v + v2) = avy + avy Ya € F, Vv, v3 € V
Cdv=v Yo eV
(af)v = a(fv) Ya,B € F,v eV

Elements of V are called vectors. Elements of [ are called scalars.

v

IR AEA R DUREE, bRk R s AT (. S5E1E) &
© Vector space 2 % U — A F (e 24 R SR C) EMRIESHT, 84— N AR B F—

IEE BRI

ot Rus SN 11

1 AFZ ik iy BLE| &) 2.
2. ArE L BLE) &) 2 ik,
3. ERENG R
4. FFERIE L SAE.
Bz 4.24
R™ = {(z1,...,2n) 1 x1,...,2, € R}
Scalar multiplication: A(x1,...,z,) := (Az1,...,A\x,) VA € R.
Addition: (z1,...,2,) + (Y1, Yn) = (X1 + Y1, -, Tn + Yn)-
Then the set R™ equipped with the above addition and scalar multiplication is a vector space over R.
L. (a+B)(x1,...,zn) = ((a+ Bx1, ..., (a+ Bxy) = a(z1,. .., xn) + B(x1, ..., 2p)
2.
(@1, zn) + (Y1, Yn)) = (T1 + Y1, T+ Yn)
= (a(x1+y1),. -, a(Tn +Yn))
= (az1 + ayi,. .., 0z, + Qyp)
=a(zy,...,Tn) + (Y1, Yn)
3. Wxy, . oyxn) = (lag, ..oy loy) = (21, - .-, @)
4. (aB)(x1y ..., xn) = (@fzxy,...,afxy) = a(fx1,. .., Lx,) = a(f(x1,...,20))

{7 4.25 The set R[z] of polynomials with real coefficients is a vector space over R. The set R<,,[z] of real

TGS R E RS L SIS R R N 254, A0 BRI A A ORI S5 AN AL B SR AL R R
MG —BEFE AT

EEHI = RER: ] i85 AR

LRGSR B PR G ThsiE), A8



4.5 Supplementary to Fields Theory

polynomials of degree at most n is a vector space over R.
(ap + a1z + -+ apx™) + (bo + bix + - - + byx™) = (ap + bo) + - - - + (an + bp)a"
Mao + a1z + -+ apz") = (Aag) + (Aar)x + - - + (Aap)z"

So as vector spaces, R<,,[z] and R" ™! are “the same”.

{5l 1 4.26 The set of all functions f : R — R forms a vector space over R.
Addition of two functions: (f + g)(z) := f(x) + g(z) Vx

Scalar multiplication: (\f)(z) = \f(x) V&

% 4.27 Mat(n,R) is a vector space over R.

a

a b Aa  Ab
Scalar multiplication: A = \d Actually, we can view a matrix

b
as a vector (a, b, ¢, d)
c d Ac d

c
in R4



2 5 & Group theory and error-correcting codes

5.1 Preliminaries

@ %210 Recall that for any group G':
1. the identity element is unique

2. inverse of an element is unique

3. (aH ' =aand (ab)~! = b la!

Let G be a group and let a, b € G. Then
1. The equation a = bz has a unique solution z = b~ 'a.

2. The equation @ = xb has a unique solution z = ab~!.

@
UEEA ()We have br = a < b~ (bz) = b la & (b 'b)z = b~ ta & o = b ta. (i)xb = a &
(xb)b ! =ab ' e x(bb ) =ab" ! ©x=ab" L.
Let G be a group and let & € G. The positive powers of a is defined recursively by a! = a and a**! =
a-affork > 1.
Define a® = e. The negative powers of a are given by a ¥ = (a=1)* for k > 1. &
@ 290 If a = zy, then a® = (zy)(xy). In general, this is different from 222,
EE 5.2
Let G be a group and let g, h € G. For Vr, s € Z, we have
1. grgs — gr+s
2‘ (gr)s — g’I“S
3.9 =gt =(g71)
4. If gh = hg, then (gh)" = g"h". 0

WEER  (iv) For r > 0, the proof is identical to that of Theorem 4.2.1(iv). Suppose » < 0. Then r = —k for

some positive integer k. We have
e _ _ 1. _1\k hg=gh 1k def _
gt = (oMY = (7T = ((hg)THEET ((gh) T E (gn) 7

(iii) Note that

Applying (iv) with h = g~ yields

'see Corollary 5.1.2
“Since g~ 'h™! = h™'g 'and k > 0.The inverse of gh and hg are h~'g™* and g~ ' h ™ 'respectively.



5.1 Preliminaries

- o def
= () t=(g )y E g

(i)
g =9g"¢g°Vr,se€Z

We admit this fact.  (ii)
(9")°=49"
Consider two cases:
case 1: s > 0. We prove by induction on s. The base case s = 0 holds since (g")° = e = g° = g™, Let

s > 0, and suppose the statement holds for s — 1. Then

r(s—1) (@) r+r(s—1) ST

def
() =g 99 =g =g

_1 th
=g'(g) ' =

ih represents induction hypothesis.

case 2: s < 0. Then s = —k for some k > 0. We prove by induction on k that (g") % = g~"*.

r\— r\—1/ r\—(k— —r —r(k—1) O ¢
(g F=(g") Mgy ED = grgTr D 2 gk

Let G be a (not necessarily finite) group. An element a € G is said to have infinite order if there is no
positive integer n such that ™ = e. Otherwise, the order of a € G is the smallest positive integer n for

which a™ = e. &

Let G be a group. Suppose a € G has finite order n. Then a” = «® if and only if n|(r — s).

Copy the proof of Theorem 4.2.3 (for symmetric group).

ad=ad"<d "=¢

Suppose 7 — s > 0. Wewriter —s =ng+t, 0<t<n.=e=a""°=a""=(a")la =a' =t=0.
5l &1 5.1 The order of a permutation 7 € S(n) can be computed from the cycle decomposition of 7.
For a general group G, it is usually hard to determine the order of an element.

| 5.2 If |G| < oo, then every element of G has finite order (See Theorem 4.2.2)°.

11
Consider the group GL(2,R)* of invertible 2 x 2 real matrices. Let A = ( ) . Then A has infinite
0 1

1 2 1 3 1 n 1 0
order. A2 = A3 = oo, AT = # for every positive integer n.
01 0 1 01 01

Let (G, *) be a group. A non-empty subset H C G is a subgroup of G if (H, *) forms a group. Iy

To check whether H is a subgroup of G or not, we don’t have to verify the four group axioms:

TIRAE G AR, W G A TTRIIM AR |G| B ITRI
YR 2 x 2 SEAHRERRE. General Linear Group



5.1 Preliminaries

Let G be a group and let H C G be non-empty. The following are equivalent:
1. H is a subgroup of G.
2. H satisfies:
(a). ifa € Hthena™! € H.
(b). ifa,be H,thenaxb e H.
3. Ifa,be H,thenaxb™ ' € H.

WERR () = (i) = (iii) = (1)
(i) = (ii): follows from the definition of a group.
(i) = (iii): be HYp1em a, b=l e HY owpten
(iii) = (i): we need to verify the four group axioms.
o Associativity law: If a, b, c € H, then a, b, c € G. By the associativity law for G
(ab)e = a(bc) Va,b,c € H
o Take Va € H, since a, a € H, we have

(444) .
e=aa"! € H,i.e.

H contains the identity element e.
o Consider a € H. Since e, a € H, we obtain ea ! € H,sothata™! € H.
o Consider a,b € H, we have shown that b~ € H.

a,bteH (g) abH)leH=abec H
% 5.3 Let G = (Z, +). We know that G is a group. Let H = {2n,n € Z} C G. Consider 2m,2n € H. We
have 2m + (—2n) = 2(m — n) € H. By the theorem, H is a subgroup of G.

T 5.5
Let G be a group and let H, K be subgroups of G. Then H N K is a subgroup of G. ©

UEFA - By Thm 5.1.5 it suffices to show H N K # () and

zy te HNKVz,ye HNK

Sincee € HNK,HNK # (. ForVx,y € HN K, we have zy~!' and zyy~' € K (since H, K are groups), so
that zy~' € HN K.

Let G be a group and let g € GG. Then the set
<g>:={g":nel}

is a subgroup of G. It has n elements if ord(g) = n and it is infinite if ord(g) = oc. ©

WEER <g> # () since g € <g>. Consider Vx,y € <g>. Then x = g™,y = g" for some m,n € Z. By Thm
5.1.3

m . _—n m—n

zy t=g"(g") t=g"g " =g" " € <g>

20



5.1 Preliminaries

Therefore, <g> is a subgroup. If ord(g) = n, then <g> has exactly n distinct elements
e=g¢%g',...,g"" by Thm5.1.4°

If ¢ has infinite order, then g', g2, ... are all distinct. Otherwise, g = ¢’ for some i > 5, which implies ¢" 7 = e,

a contradiction. Hence <g> has infinitely many elements.

1. <g> is called the cyclic subgroup of G generated by g.
2. By Thm 5.1.3, <g> is Abelian:

m_ n m—4n n_m

99 =9 =99

5 &1 5.4 Consider S(3). The cyclic subgroups of S(3) are: <id> = {id}, <(1,2)> = {id, (1,2)}, <(1,3)> =
{id, (1,3)}, <(2,3)> ={id, (2,3)}, <(1,2,3)> = {id, (1,2, 3),(1,3,2)} and <(1,3,2)> = {id, (1, 3,2),(1,2,3)}.

g’ =g’ ©ord(g)|i—j

21
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5.2 Cosets and Lagrange’s theorem

Let G be a group, and let H be a subgroup of G. For a € G, the set
aH = {ah:h e H}
is called the (left) coset of H.

1. H is a (left) coset of H since H = eH.

2. If b € aH, then aH = bH. In particular, any two cosets are either the same or disjoint.
beaH = b= ahforsomeh € H

we have
bH ={bk:ke H} ={(ah)k: ke H} ={a(hk): k€ H} CaH
~~
eH

and hence aH C bH

R 5.5
If H = G, then it has only one coset. If H = e, then aH = {a} VYa € G, and so each element of G forms

a coset of H.
7% 5.6 Take G = (Z,+) and H = {nk : k € ZZ}, where n > 2 is an integer. H = congruence class of 0
modulon. 1+ H = {1+ nk : k € Z} = congruence class of 1 modulo n, etc. So cosets of H(in G) are

congruence classed modulo n.

Let H be a subgroup of G. Then Va,b € G, either

aH =bHoraHNbH =0 V)

Let H < G (i.e. H is a subgroup of G). Va € G,

laH| = |H]

Q
UERA Define ¢ : H — aH, h +— ah. Obviously, ¢ is a surjective.
¢ is injective: if p(h) = @(k), then ah = ak. Multiplying on the left by a=!, we get h = a~'(ah) =
a"'(ak) = k.
Hence ¢ is a bijection, giving |aH| = |H|
Lagrange’s theorem
EHE 5.9
Let G be a finite group, and let H be a subgroup of G. Then |H | divides |G|. o

22



5.2 Cosets and Lagrange’s theorem

By Thm 5.2.1, GG is a disjoint union of some cosets of H(in G), say
G=aHU..Ua,H

We have
|G|:‘alH‘+"'+|amH‘:6‘H‘+"'+|H|:m‘H‘

@ |G| is called the order of G. Sometimes denoted by o(G)
Let G be a finite group. Then for any g € G, ord(g) divides |G|
We know that <g> is a subgroup of G with ord(g) elements. By Thm5.2.3

ord(g) | |G-

@ If GG is a group of prime order p. Then G is cyclic.
Let g € G\ {e}. Then <g> has at least 2 elements e and g. By Thm 5.2.3

|<g>| divides |G|
Since p is a prime, we must have

|<g>| =p

This implies G = <g>
@ Fermat’s Theorem
Let p be a prime and let a € Z such that p { a. Then a?~! =1 mod p.
The group G, has exactly p — 1 elements. As p { a, [a], € G, By Lagrange’s theorem, ord([a],)
divides |G| = p — 1. We have

)y = ([algr @) = ([1],) a0 = [1],

@ Euler’s Theorem
Let a,n € Z with n > 2 and ged(a,n) = 1. Then
a®™ =1 modn
where ¢(n) is the Euler totient function.
Note that ¢(n) is the number of elements of GG,,. We proceed as in the proof of Corollary 5.2.6.

@ Lagrange’s Theorem
If H < G, then |H| | |G]

®(Thm 5.2.2)
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5.3 Groups of small order

Let G and H be groups. A function ¢ : G — H is a (group) isomorphism if it is a bijection, and it

preserves the group structures, i.e.,

p(zy) = p(z)p(y) Vr,y € G A

¢ i
1. idg : G — G is a (group) isomorphism.
2. If ¢ : G — H is a (group) isomorphism, then !

3.

: H — G is also a (group) isomorphism.

G—>H—>K
~_ e
oy
Ifo:G— Handy: H— K are isomorphism, then ¢ o ¢ : G — K is an isomorphism

4. By 1. - 3., the relation of being isomorphic is an equivalence relation.

Let G, H be groups, and let ¢ : G — H be an isomorphism. Then ¢(eg®) = e and (g 1) = p(g)~*

“identity element of G

V)
WEAH ForVg € G
er - 0(9) = ¢(9) = plea - 9) = vlea) - ¢(9)
=en = p(eq).
For Vg € GG
p(9 Del9) = wlg~'9) = vlea) = en
= p(g7") = w(9)!
Given groups G, H, the direct product G x H is the set of ordered pairs (g,h) with g € G,h € H,
equipped with the following multiplication
(91, h1) (g2, h2) = (9192, h1h2) 2
EIE 5.11
G x H is a group. O

VERA
Closure: Vg1,92 € G and hy,hy € H

(91, h1)(92, h2) = (9192, h1h2) € G x H

Since G and H are groups.
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5.3 Groups of small order

Associativity: Vg1, 92,93 € G, h1,he,hs € H
((g1, 1) (g2, h2))(g3, h3) = (9192, h1h2)(g3, h3) = ((9192)g3, (h1h2)h3)
(91, h1)((g2, h2) (g3, h3)) = (91, h1)(9293, hahs) = (91(g293), h1(hah3))

Identity element: (eg,eq) € G x H

V(g,h) e Gx H
(€G,€H)(g,h> = (eGgaeHh) = (97 h)
(gv h’)(eGaeH) = (geGaheH) = (g’ h’)
Inverse of (g,h) € G x His (g1, h7 1Y) :
(9:m) (g~ h™1) = (997" hh™") = (egren)
(9 (g, h) = (ecen)
Zic
I. Gx H= H x G The map (g, h) — (h, g) is an isomorphism from G x H to H x G

2. For groups G, H, K, we have
(GxH)xK=Gx(HxK)

Since the map ((g, k), k) — (g, h, k) is an isomorphism. So we may write G x H x K, and so on

Let C), denote the cyclic group on n elements. Note that C,, = (Z,,, +) Iy

£id
1.

Zn = <[]n> = {{0]n, [Un, ;[0 = 1n}

2. Any two cyclic groups on n elements are isomorphic. If G = <g>, H = <h>, where ord(g) = ord(h) =

n, then the map ¢ : G — H, g* — h¥ is an isomorphism.

If m, n are positive integers s.t. (m,n) = 1, then

Cin X Cn & Cip

“Cy, x Oy, is a cyclic group

Q©

UEFA Let ), = <a> and C), = <b>. We show that C),, x C,, = <(a,b)> and (a, b) has order mn. We have
ord(a) = m,ord(b) = n. ForVk € Z
(a,0)" = (a,b")

We have (a,b)F = e < af = eADF = e < ord(a) | kAord(b) | k< m | kAn | k< mn | k, since(m,n) =
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1 So (a, b) has order mn. Moreover, C,,, x C,, has mn elements = C,,, x C,, = <(a, b)>

If |G| is a prime, then G must be cyclic.

Classification of groups of order at most 8.

12345678
Group of order 1: there is only one such group, namely G = e.
Group of order {2, 3,5,7}: C, is the unique group of order p. To classify groups of order 4, we use the follow

theorem

Let G be a group. If 22 = e Vz € G, then G is Abelian.
(zy)? =e= (zy) = (zy) ' =y la~t =yaVr,y €G
@ Continue the note 30.
Groups of order 4:
o If G has an element of order 4, then G is the cyclic group of order 4.
o Suppose G doesn’t have any element of order 4.
Recall that for Vo € GG, we have
ord(z) | |G| =4

= ord(z) = 2ifx € G\ {e}. In particular, 2> = e Vo € G. By Thm 5.3.4, G is Abelian. Write G =
{e,g,h,k}. Then gh # g, h,e = g2, so that gh = k. Similarly, gk = h and hk = g.

— multiplication table of G:

e g h k
ele g h k
glg e k h
hilh kE e g
klk h g e
4
Exercise: G = Cy x Cs.
In summary, there are two groups of order 4: Cy, Co x Co
Groups of order 6 :
o If GG has an element of order 6, then
G =Cg

o Suppose G doesn’t have an element of order 6. Hence, for Va € G \ {e},
order(z) € {2,3}
(Since ord(x) # 1,6 and ord(z) | 6)

g% Consider two cases:
case 1 All elements z € G \ {e} have order 2. Since 2> = e Vo € G, by Thm 5.3.4, G is Abelian. Let
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a,b € G\ {e}. Thenab # a,b,e = a®>. = H := {e,a,b,ab} has 4 elements. It is a subgroup of G. (Since
xy~' € H,Vx,y € H). By Lagrange’s Theorem, 4 = | H| divides 6 = |G|, which is impossible. So this case

cannot happen.

case 2 G has an element a of order 3. = ¢, a, a? are distinct elements of G. Letb € G\ {e, a, a®}.

= a® = e,a,a?,b,ba, ba® are distinct elements (by checking that any two of them are distinct). = G =

{e,a,a?,b,ba,ba’}.
We can check that b? # a, a?,b, ba, ba®. (E.q. If b> = a, then e, b, b%, - - - ,b° are distinct, which implies
G = (). Hence b? = e. Similarly, ab = ba?. — multiplication table of G Cayley table U3 %:

e a a? b ba ba?

e e a a2 b ba ba?
a a a? e ba? b ba
a® | a? e a ba ba® b

b b ba ba® e a a?
ba | ba ba® b a2 e a

ba? | ba® b ba a a? e

= G=50)
Isomorphism f: G — S(3) f(e) = id, f(a) = (123), f(a®) = (132), f(b) = (12), f(ba) = (23), f(ba?) =
(13)
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5.4 Error-detecting & error-correcting codes

Let B = {0,1}

A word of length n is a string of n binary bits (For example, 0110 is a word of length 4.) The set of words

of length n is denoted by B = B X --- x B. Givenx = x1 - - - &, € B", the weight of x is defined as
%/‘_/
n copies

wt(x) = #{i:z; =1}
(For example, wt(0110) = 2)
The (Hamming) distance between two words © = 21 - - - T, Yy = y1 - - - Yyp € B" is defined as

d(z,y) = #{i : xi # yi}
(For example, d(1011,0011) = 1)

)
A coding function is a map f : B"™ — B™. For z € B™, f(z) is called a code word. &
BIfR 5.7 f : B2 — BS, f(x) = xxx Vo € B2. For instance, f(00) = 000000, f(01) = 010101.
Let f : B™ — B™ The f allows the detection of k or fewer if and only if d(u,v) > k +
1V codeswords u # v. ©

IUEER  («<=)Suppose v/ is obtained from a codeword, say a, by changing at most k bits. Then v’ cannot be a
codeword, since otherwise d(u,u’) > k + 1. (=) Suppose f allows the detection of k or fever errors. If we

have two codewords u, v with d(u, v) < k, then k errors can convert u to v and we can not detect the change.

EE 5.15
f: B™ — B"™. f allows the correction of k or fewer errors. < d(u,v) > 2k + 1V codewords u # v.

Q

UEEA  (<=) Let u be the original codeword’. v/ is obtained from u by changing at most k bits. u is the unique
codeword that is at distance < k from «’. Suppose otherwise that 3 a codeword v # u s.t. d(v,u’) < k. Fact
(triangle inequality): Vx,y, z € B", d(z,y) + d(y, z) > d(x, z). By the above fact, we get

2k +1 < d(u,v) < d(u,u’) +du',v) < k+k =2k
a contradiction. (=) Suppose otherwise that 3 codewords u # v with d(u,v) < 2k. Then one can find w € B"
such that d(u, w) and d(v, w) are both < k. Both u and v can be converted to w by changing < k bits.

wu=0---0
——
2k
v=1---1
—
2k
w=0---01---1
—
k k
"unknown
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@ %10 Properties of (Hamming) distance:
I. (Symmetry) Vz,y € B", d(x,y) = d(y, x).
2. (triangle inequality) Vz,y, z € B", d(z,y) + d(y, z) > d(z, 2)
It is computationally hard to determine the minimum distance between codewords, and to “correct” the cor-
rupted codewords. ~~ consider a more restrive class of coding functions. Equip B = {0, 1} with addition and
multiplication operations:
0+0=0 0-0=0

0+1=14+0=1 0:-1=1-0=0
1+41=0 1-1=1

(Actually B = Zs is a field. Thus, B™ is a vector space over Zsa)

A (coding) function f : B™ — B" is called a linear code if

flu+v) = f(u)+ f(v) Yu,v e B™

i.e. f is alinear map &

Let f : B™ — B" be a linear code. Then min d(u, v)* = min wt(w)”

“codewords u # v

bnon-zero codeword w

UEAA We have d(u,v) = wt(u — v). (= wt(u + v))
u=01101,v = 11001, w — v = 10100, d(u, v) = 2, wt(u — v) = 2
Let m < n. A generator matrix G is a m X n binary matrix of the form
G= (I, A
I,, is am x m identity matrix. A is am x (n —m) binary matrix &

575 5.8

m=2n=2>5

Let n < m, and let G be a m x n generator matrix. Define fg : B™ — B™, x — xG. A m-D row vector

1 01 10
G =
01 0 10
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5.4 Error-detecting & error-correcting codes

fa: B> — B

h@%ﬂmmﬂ(101 10

010 1 O)=($1$2$1($1+-’L’2)0)

%210 fg is an injective function.

Let G = (Ip; A) be am X n generator matrix. The corresponding parity-check (4% 4% %) matrix is

(")

the n X (n — m) matrix

)
Bl 5.10
1 10
010
10110 —
IfG=|101 01 0],thenH=1]1 0 O
T T 010
0 01
——
I3
%21 generator matrix G' — linear code fg
N\ parity-check matrix H
Let G = (I, A)be am x n generator matrix. Consider the linear code fg : B™ — B" (fa(x) = zQ).
Then, w is a codeword if and only if
wH =0
where H = ( > is the parity-check matrix corresponding to G.
o v

UEFA w € B"is acodeword & w = fg(x) for some v € B™ & w = x(I,, A) = (v zA)?

A
0=xA— (2A) [, = A+ (zA)1—rp = (x TA) ( ) =wH

Sxe B™,zAe B"™™
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